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VI 


IRANE  BEHAVIOR  t  POLAR  PARAMETERS 


The  x>^Abololdal  shell  will,  under  the  proper  oircum- 


stances,  prefer  to  carry  the  applied  loads  by  the  development  of  the  force 
resultants  rather  than  by  the  development  of  the  transverse  shear 
resultants  C(o(.  and  the  bending  moment  resultants,  Such  behavior  is 

commonly  called  membrane  behavior  although  the  term  •^omentless*^^ 
behavior  is  the  more  connotatlve.  The  menibrane  or  momentless  behavior 
will  be  the  dominant  mode  of  behavior  when  either  the  bending  moments 
induced  by  the  loads  are  negligibly  small  or  whenever  the  flexural 
(bending)  rigidity  of  the  shell  is  sufficiently  small  so  that  the  shell 
will  deform  without  inducing  appreciable  bending  moments.  In  this  chapter, 
various  solutions  of  the  meiiA>rane  equations  as  written  in  terms  of  the 
polar  parameters  will  be  presented.  The  so-called  membrane  equations  are 
easily  obtained  by  omitting  the  M«(g,  ,and'AKp  terms  from  the  equations 


which  have  been  derived  in  the  previous  sections 
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6.1  THE  GOVERNING  EQUATIONS 

The  equations  which  govern  the  membrane  behavior  of  a 
paraboloidal  shell  will  be  summarized  In  this  section. 

The  strain-displacement  relations  (see  equations  3>U.19) 
3.U.20,  3.ii.2l); 


I  ^  u  *  W _ 

'  2fVi  +  (Y)^  [• 


6.1.1 


€ 


0  ■  2fY 


V  0  0 

Ur 

2fYVTH?F 


W 

VT+Ty) 


a  * 


6.1.2 


^  ^  «  I  0Us  _  Ue  ^  _l _  auy* 

> 

The  equations  of  equilibrium  (see  equations  li.U.l.lli>  li.I(.l.l5>  U.h.l.l6): 

Vl  +  (r)^  ^  +  Nr-Ns  +  2fy  Vi-»-(y)ipr  «0, 

6.1. U 

y  +  Vi  +  (y)“-  V»+f»)^  “0  i 

6.1.5 
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Nr+ N# +i-f  VT+^  Pn  *  ® 


6.1.6 


The  stress-strain  relations  (see  equations  5.2.7,  5.2.8,  5.2.9) 


Nr 


6.1.7 


^re~  ,^y2  (*"*')  ^re  » 

”  7^  (^5  **■  *'^r). 


Thsre  are  nine  eqiuatioos  for  the  nine  unknown  quantities: 

C  i"  6"  u"  u""  W  N  N  N 

r  }  re  j  0  }  ^  r  ,  '*e  >  ’’r  >  '’r*  »  '^s  • 

6.2  THE  BOUNDARY  CONDITIONS 

We  will  be  concerned  in  the  main  with  a  peunboloidal  shell 
which  is  bounded  by  one  or  two  boundaries  located  at  Jf=  and  ,  i.e., 

the  boundaries  are  circles  of  latltutde.  These  possibilities  are  shown 
in  figure  6.2.1. 
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BOUNDARY  7^ 


BOUNDARY  r 


Figure  6.2.1 

Note  that  the  case  iiriiere  the  shell  Is  closed  at  the  apex  Is  not 
excluded  here  as  can  well  be  zero. 

The  system  of  differential  equations  for  determining  the  displace¬ 
ments  is  a  second  order  system  (cf.  6.1.1,  6.1.2  and  6.1.?).  However, 
the  stress  resultants  entering  into  the  ri^t  hand  sides  of  these 
differential  equations  are  themselves  solutions  of  a  second,  order  system 
(cf.  6.1.4,  6.1.?  and  6.1.6).  Hence  the  displacements  in  the  membrane 
theory  satisfy  a  fourth  order  system  of  equations.  Correspondingly,  two 
independent  boundary  conditions  must  be  given  at  each  of  the  edges  of 
the  shell.  It  is  clear  from  the  equations  themselves  that  half  of  these 
conditions  must  be  given  in  terms  of  the  displacements  \diile  the  reoainlng 
conditions  can  be  given  either  in  terms  of  the  displacements  or  the  stress 
resultants . 

It  should  he  observed  that  the  number  of  boundary  conditions  can  be 


k 


satisfied  In  the  msmbrane  theoxy  is  only  half  of  that  satisfied  in  the 
general  theory.  This  phenomenon  stems  from  the  he^ic  assunoptlon  in 
membrane  theory  that  the  shell  has  no  bending  stiffhess  in  idiich  case  the 
unlmowns  need  not  be  considered. 

In  the  ease  of  a  shell  with  both  edges  restrained  against  tangential 
motion,  the  boundary  conditions  are  all  given  in  terns  of  the  displacements. 
They  are 


9)-0, 

6.2.1 

Ur  (r^,  e)-  0, 

6.2.2 

«)“0, 

6.2.5 

u,“  (r,,e)-  0. 

6.2.4 

On  the  other  hand,  the  boundary  conditions  for  a  shell  vith  one  edge 
free,  0^ ,  and  the  other  edge,  ,  restrained  against  tangential  motion 
are 


Nr(r,,e)-  0, 

6.2.5 

Nr.  (»l,  9)'0. 

6.2.6 

• 

u;  (  Hr,  9)  »  0, 

6.2.7 

9 

U.”  ( h,  e)  •  0. 

6.2.8 
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If  the  shell  Is  closed  at  the  apex,  the  usual  procedure  is  to  require 
that  the  stress  resultants  be  finite  there. 

It  will  be  shown  in  a  subsequent  section  that,  under  the  conditloas  . 

enumerated  In  equations  6.2.1  to  6.2.3,  the  shell  exhibits  no  in- 

* 

extenslonal  deformations  (l.e.  deformations  without  straining  the 
middle  surface  of  the  shell).  The  corresponding  membrane  analysis  will 
be  simplified  considerably. 

6.3  THE  LOADS  DUE  TO  GRAVITY 

A  type  of  loading  irtilch  is  of  great  Interest  is  that 

^ich  is  caused  by  the  dead  weight  of  the  shell,  l.e.,  the  so-called 

gravity  loading.  In  this  section  we  will  eiqpress  the  loading  intensities 
pr  )  p«  )  pn  terms  of  the  gravity  loading.  Consider  the  case 

where  the  shell  has  rotated  from  its  face-up  position  (see  figure  6.3*1) 
thou^  an  angle  Y 

t 
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Figure  6.3.1 


The  yf*  axes  are  fixed  in  ^ace  such  that  the  gravity  axis  is  in  the 
negative  y ^  direction.  Without  loss  of  generality,  we  assume  the  shell 
to  have  rotated  about  its  own  y'  axis  which  coincides  with  the  'y* 
axis,  let  the  load  intensity  vector  due  to  the  force  of  gravity  be 
denoted  by  f>  .  Then 


6.3.1 


where  is  the  weight  density  of  the  material  in  the  shell  (units  of 
pounds  per  unit  volume),  h  is  the  thickness,  and  i j  is  the  unit  vector 
in  the  direction.  With  respect  to  the  coordinates  y  which  are 
fixed  in  the  shell,  we  have  the  simple  relationship 

is  “'^2  Sinf+T^cos^  6.3.2 

where  ^2  and  (3  are  the  unit  vectors  associated  with  y^  and  y^.  Thus 

p-  Sin  fT2-/>oh  COS  Tj  .  6.3.3 

In  the  shell  coordinates  (see  equation  1. 1^.1, 19)  the  load  intensity 
vector  is  expressed  in  terms  of  the  coordinates  on  the  middle  surface  of 
the  shell. 


P‘  Pr 


oi 


+  Pe 


Ot 


+  Ph" 


where 


6.3.ii 


Pr 


p  _ _ £l_  -  _ 

V^^il  Vi  +(y)^ 


(sin  B  sin  if-rcos  f]  , 


6.3.5 
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6.3.6 


Pa  V  •  ,  /ogh  cos  fl  sin  IP  , 

Vai2 

n  =  [-1  sin  •  sin  f  -  cos 


wir 


6.3.7 


In  obtaining  equations  6.3.5,  6.3.6,  and  6.3.7,  «e  bare  made  use  of  the 
relations  connecting  the  base  vectors  ,  n,  and  ,  T3  > 


(see  equations  2.1.8,  2.1.9,  2.1. Ilia). 


6.U  THE  AXI-SIMKETRIC  MEMBRANE  BEHAVIOR:  QRAVITY  LOAffi 


If  the  stxnctural  conflguratina  of  the  shell  is  axL-ayi— etric 


and  if  the  loading  is  also  axL-aornnetrlc  as  in  the  ease  of  the  loading 


due  to  gravity,  then  the  neabi'ane  equations  become  farther  siiMpllfied. 


The  axL-eTnmetrlc  problem  is  characterised  by 


le  * 


6.U.1 


Ua  =  0, 


6.I1.2 


P,  s  0 


6.1t.3 


and  the  remaining  partial  derivative  becosies  an  ordinary  derivative,  — — 


For  the  validity  of  this  statement  and  the  uniqueness  of  the  solutiati 
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sought,  readers  are  referred  to  section  6.6. 


linder  these  restrictions  the  strain-displacement  relations  become 
(see  equations  6.1.1,  6.1.2,  6.1.3): 


_ t _  W _ 

_ w  ^  ^ 

®  2f  YVi+(r)^ 

The  equations  of  equilibrium  also  become  siapllfled  (see  equations 

6a.it,  6.1.5,  6.1.6): 


*  Pr=0' 

N,  +  N,.2fVT7(7)«  Ph*o. 

The  pertinent  stress-strain  relations  (see  6.1.7,  6.1.8,  6.1.9)  • 
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are  the  following: 


Nr  '  1  -j/2  ^0  M 


6.U.8 


Ne» 


6.4.9 


The  loading  which  is  of  interest  is  caused  by  the  dead 


weight  of  the  shell.  From  section  6.3  we  have 


Vi+(rt* 


6.4.10 


6.4.11 


-/Op*' 


6.4.1? 


With  the  introduction  of  the  loading  terms  (equations 


6.4.10,  6.4.12)  the  two  eqxiilibrium  equations  can  be  combined  into  a 


single  ordinary  differential  equation: 
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<lK>r 

dY 


6.U.13 


) 

The  formal  solution  of  the  differential  equation  (6.U.13) 
can  be  expressed  as 

N,  6.1.U 

where  is  a  constant  to  be  determined  by  the  boundary  conditions. 

Note  that  the  differential  equation  (6.U.13)  possesses  a  regular  singu¬ 
larity  at  the  apex,  J'*  0  .  Thus  the  solution,  as  it  is  presented  in 
equation  b.U.lli,  is  valid  only  for  lf>  0  ,  i.e.,  for  all  where  h>  0 

can  be  arbitrarily  small.  The  case  where  the  shell  is  closed  at  the  apex 
will  be  discussed  later.  However,  we  may  avoid  the  difficulties  associa¬ 
ted  with  the  singulartty  by  constructing  the  paraboloidal  shell  with  a 
hole  at  the  apex. 

The  force  resultant  N  9  is  obtained  by  substituting 
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eauation  into  the  equilibrium  equation  (6.lt.7): 


[(>M»)*)’'’+C,]}.  6.1.15 

0  0 

We  will  require  the  displacements  Uj.  W  not 

only  because  the  deformations  are  of  primary  interest  but  also  because 
all  the  boundary  conditions  may  be  prescribed  in  terms  of  them.  By 

0  Q 

solving  equations  6.I4.8  and  6.h.9  for€j.  and  €g  ,  and  then  introducing 
equations  6.1j.lli  and  6.ij.l5,  the  strains  can  be  determined: 


3E 


1  +  V 
U)2 


+  2(i-y)+  (ir)^+  c, 


(1 1-  y) 


[(r)2Vi+(7)^  + 


6.1.16 


€l=  ^  ^ 

©  3E  ^ 


< 

The  strain-displacement  relations  (6.U.6)  can  be  re¬ 


arranged  to  read 


W  = 


0 

Ur 


r 


6.1.18 
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and  substituted  into  the  other  strain-displacement  relation  (6.U.ii)  to 


yield  the  differential  equation  for  U*  . 

$ 


dur 


Ur 


g*  \ 

1  +  (Jf)2'  ' 


6.I4.I9 


If  the  shell  is  not  closed  at  the  apex,  the  solution  to  the  differential 


equation  (6.U.19)  is 
4f* 


+  yVi+uT*  +C2j| . 


6.1i.20 


The  introduction  of  6.14.20  into  6.i4.l8  yields 

^ ‘ i 

[  Z(y-t)  -I-  W»»1  *  C|  [-(i.y)fn 

+  Vl+(()>  {l+t'jJ+Cjj.  6.11.21 

Several  different  combinations  of  boundary  conditions 


will  be  considered  and  explicit  evaluations  as  well  as  niimerical  cal¬ 
culations  will  be  made.  These  will  be  designated  as  Case  6.I4.I, 
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Case  6.4.2  and  Case  6.4.3*  The  numerical  results  will  be  presented  In 
teims  of  the  non-dimensionallzed  quantities 


6.4.22 

n:- 

6.4.23 

6.4.24 

wE 

4f>. 

6.4.23 

Ohe  choice  of  pcurameters  for  non-dlnenslODallzation  is  obvious  fron 
equations  (6.4.14),  (6.4.13),  (6.4.20)  and  (6.4.21). 
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BOTH  EDGES  RESTRAINED  IN  THE  TANGENTIAL  DIRECTIONS 


The  boundary  conditions  for  a  shell  with  both  edges 
restrained  in  the  tangential  directions  are  specified  by 


df-{y|)"0j  6.1i,l,l 

Ur(i^i)  =  0  6.U.1.2 
where  f\  and  are  the  boundaries  of  the  shell  (see  figure  6.2.1)  and 
are  chosen  such  that 


r.  <  r. 


The  solution  for  and  can  be  put  into  the  form 


6.U.1.3 


_  B  (r,)  BCrg)  r, 

’  '  Ad,)  J2-A(i2)r, 


B  (fa)  A(r,)  -  Bd,)  A(f2) 

A(y,)irg  -Adr2)^  6.i4.i.5 
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where 


6. it. 1.6 


6.4. 1.7 


nie  possibility  that  the  detexnlnant  A  > 

A(ti)ix  ~  ^  6.4. 1.8 

In  equations  (6. 4. 1.4)  and  (6.4.1.^)  vanishes  for  some  and  should 
be  Investigated.  Riysleally  this  Is  InplAUSlble  as  It  would  mean  some 
sort  of  Ins  Ability.  Iberefore^  one  suspects  that  as  a  function  of  9^  , 
the  transcendental  equation 

A=  0  6. 4.1. 9 

for  any  (fixed)  positive  has  no  positive  roots  which  cue  larger  than 
.  It  can  Indeed  be  verified  that  A  Is  monotonic  and  non-zero  for  all 
positive  • 

There  are  six  separate  configurations  which  have  been 
cuialyzed.  The  resxilts  are  shown  In  Figures  6. 4. 1.1  throu{^  6. 4. 1.6  which 
contain  curves  of  ,  Nq  and  w*  as  well  as  tables  of  values.  It  can 
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be  seen  fron  em  examination  of  the  table  of  veilues  that  ,  the 

non-dimensional  meridional  displacement,  is  an  order  of  magnitude  smaller 

.  *  >»• 
than  W  and  it  is  for  this^reason  that  (1^  has  not  been  plotted.  The 

boundary  conditions  that  both  edges  are  restrained  in  the  tangential 

direction  means  that  the  shell  must  deform  in  the  manner  shovm  in 

Figure  6.4.1. 


3-71-1678 


POSITION  n 


Figure  6.4.1 

The  restrained  type  of  boundary  conditions  for  membranes 
lead  to  distortions  vhlch  at  first  glance  seem  peculiar.  However,  the 
boundary  condition  itself,  l.e.,  the  restraint  of  U.^ ,  is  somewhat 
unnatureLL  because  it  would  be  very  difficult  to  achieve  in  a  practiceO. 
situation.  Schematically,  a  set  of  roller  supports  as  shown  in  Figure 
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6.4.1  will  prevent  displacements  along  a  tangent  vfalle  freely  peznltting 
displacements  along  the  nomeil  to  the  surface  of  the  shell. 

A  table  vhlch  suionarizes  the  cases  studied  In  6. 4. 1.1 

follows: 


Table  6. 4. 1.1 


Case  No. 

Restrained  at  0^ 

Restrained  at 

6. 4. 1.1 

0.0446 

0.6250 

6. 4. 1.2 

0.0104 

0.6250 

6. 4.1. 3 

0.0104 

0.3854 

6.4.1.4 

0.3854 

0.6250 

6. 4. 1.5 

0.0446 

0.8035 

6. 4. 1.6 

0.0446 

1.0267 
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6.li.2  ONE  EDGE  FREE  AND  ONE  EDGE  RESTRAINED  IN  THE  TANGENTIAL  DIRECTION 
The  boundary  conditions  for  a  shell  with  one  edge  free 
and  the  other  edge  restrained  in  the  tangential  directions  are  specified 
by 

Nr(rj*0,  6.i;.2.i 

Up  0  6.14.2.2 

where  t ^  is  the  coordinate  of  the  free  edge  and  is  the  edge  which  is 

restrained.  The  free  edge  boundary  condition,  eouation  6.I4.2.I,  deter¬ 
mines  the  constant  (see  equation  6.I4.II4): 

6.14.2.3 

The  restraint  condition,  equation  6.I4.2.2,  enables  us  to  determine  the 
remaining  constant  (see  equation  6.I4.20): 
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A  total  of  twenty-nine  separate  cases  have  been  solved. 
These  represent  various  combinations  of  shells  with  the  inner  circular 
boundary  unsupported  and  the  outer  circular  boundary  restrained  against 
tangential  motion.  Additionally,  there  are  cases  in  which  the  shell  is 


supported  at  the  inner  boundaiy  and  is  left  free  at  the  outer  boundary . 

. 

The  v&lue  of  N  at  the  free  boundary  is  seen  ea.way8  to 
B 


Nr=i 


6. 4. 2.5 


by  examining  the  equilibrium  condition,  equation  6.4.7,  and  the  loading 
term,  equation  6.4.12. 

Again,  it  should  be  noted  that  the  restrained  type  of 
boundary  condition  will  sometimes  yield  nonsensical  results.  Thus, 
case  6.4.2.14,  in  which  the  shell  is  supported  at  an  inner  radius  of 
only  y  =  .0104,  shows  non-dimensionalized  displacements  of  over  2000. 
Obviously,  the  answer,  while  mathematically  correct,  is  physically  un¬ 
realizable.  The  case  has  been  included  as  a  mathematically  Interesting 
example  of  the  effect  of  a  load  concentration. 

A  table  which  summarizes  the  cases  studied  in  this 
section  follows; 
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Table  6. 4. 2.1 


Case  No. 

Free  at 

Restrained  at  K. 

6. 4. 2.1 

.0104 

.1041 

6. 4. 2.2 

.0104 

.0520 

6. 4. 2. 3 

.0104 

.2083 

6. 4.2. 4 

.0104 

.385^ 

6. 4. 2. 5 

.0104 

.4687 

6. 4. 2. 6 

.0446 

.4464 

6. 4. 2.7 

.0104 

.6250 

6.4. 2. 8 

.0223 

.6253 

6. 4. 2. 9 

.0446 

.6250 

6.4.2.10 

.0892 

.6250 

6.4.2.11 

.1785 

.6250 

6.4.2.12 

.1539 

.6250 

6.4.2.13 

.4017 

.6250 

6.4.2.14 

.6250 

.0104 

6.4.2.15 

.6250 

.0520 

6.4.2.16 

.6250 

.2083 

6.4.2.17 

.6250 

.3854 

6.4.2.18 

.6250 

.4687 

6.4.2.19 

.0104 

.9990 

6.4.2.20 

.1785 

.8035 

6.4.2.21 

.l»017 

.8035 

6.4.2.22 

.1705 

1.0267 

6.4.2.23 

.4017 

1.0267 

6.4.2.24 

.8020 

.2083 

6.4.2.25 

.8020 

.3854 

6.4.2.26 

.8020 

.4687 

6.4.2.27 

.9990 

.3854 

6.4.2.28 

1.0000 

.4687 

6.4.2.29 

.0104 

.8020 
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6.U.3  SHELL  CLOSED  AT  THE  APEX 


The  case  in  which  the  shell  is  closed  at  the  apex  is  best 
handled  by  considering  the  equilibrim  of  a  portion  of  the  shell  bounded 
by  the  apex  and  a  circle  of  latitude  (  Y"  "constant) .  This  is  illustrated 
in  figure  6.1i.3.1. 

Case6.4. 3. 1  Axi-Symmetric  Gravity 
Closed  al  Apex 
Restrained  Xj*  0.2678 

r  N,*  Ng*  u,*  w* 

0  .  500  .  500  0 

aOM6  .  500  .  500  -aOOlO  -a374 

0.0669  .  501  .500  -aOOI5  -a374 

0.0892  .  502  .  500  -0.0019  -a373 

0.III6  .  504  .  501  -aooe2  -a372 

0.1339  .  506  .  502  -ttOOe  -0.371 

0.1562  .  509  .  502  -a0025  -a370 

0.1785  .  511  .503  -0.0024  -0.369 

a2008  .  515  .  504  -00021  -0368 

02232  .518  .505  -00016  -0366 

02455  0.522  .507  -00009  -0.364 

0.2678  .  526  .  508  0.000  -0.363 

Figure  6. It. 3.1 

The  force  equilibrium  equation  of  the  portion  of  the  shell 
shown  in  figure  6. It. 3.1  is  written  as 

Np  rd0  Vi  +  {r')^  dr'«zfr'de. 

6. it. 3.1 

This  results  in 
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6.14.3.2 


At  the  apex,  t=0  ,  equation  6.14.3.2  yields  an  Indetejrmlnate  value  for 
Np  (o)  since  both  the  n\imerator  and  denominator  become  zero.  The  applica> 
tion  of  L'Hospltal's  Rule  to  eq\4atlon  6.I4.3.2  yields 

Np  (0)  =  fyoph  .  6.1*. 3. 3 

If  equation  6.I4.3.2  Is  compared  to  equation  6.l4.11i  then  it  is  clear  that 


c 


1 


-1. 


6.14.3.14 


If  the  upper  boundary  (fg)  of  the  shell  is  restrained  in  the 
tangential  direction  such  that 


a;  (r^l-o, 

then  as  in  case  6.I4.2 


6.I4.3.5 
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Cz 


(1  + 


^1 


-  (i  +  y)  -  - 


^  (r^)"-i(fi)*. 


6.1j.3*6 

Note  that  Ur  will  also  be  finite  at  T*  0  by  L'Hospital's  rule. 

Six  cases  have  been  solved  for  the  shell  which  is  closed 
at  the  apex.  The  value  of  w*  at  the  apex  (  1(~0  )  cannot  be  cEilculated 
directly  from  the  solution  and  hence  has  not  been  included.  However, 
it  is  very  easy  to  extrapolate  values  of  w*  near  the  apex  to  obtain  the 
value  at  the  apex. 

The  following  table  lists  the  outer  boundary  of  the  cases 
which  have  been  considered. 

Table  6.4.5.1 


Case 

Restrained 

6. 4. 5.1 

.2678 

6. 4. 3-2 

.5854 

6. 4. 3.5 

.5557 

6. 4.3.4 

.6250 

6. 4. 3. 5 

.8035 

6. 4. 3. 6 

1.0267 
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6.5  THE  AXI-SYMMETRIC  MEMBRANE  BEHAVIOR:  UNIFORM  PRESSURE  DISTRIBUTION 
If  the  paraboloidal  shell  is  subjected  only  to  a  uniformly 
distributed  pressure  ,  then  the  eqxiilibrium  equations  assume  the  form 

(see  equations  6.U.6,  6.U.7) 


Y 


d  Klf 

TT 


Nr  -  Me 


6.5.1 


+  N(.  -2f  V.+  (I)‘‘  t„  6.5.2 

where  it  shoiild  be  noted  that  p„  has  been  set  equal  to  q  q  .  The 
differential  equation  for  Nr  becomes  (see  equation  6.U.13) 


dNr 

77 


_ 1 _ 

I  [i  +  (r^)]J 


^/TT(y)‘ 


6.5.3 


The  solution  to  this  ordinary  differential  equation  is 


-Vi  +  (r)^  + 


(if)' 


'1  ’• 
* 


S.S.h 


The  hoop  force  resultant  is  obtained  by  substituting 
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equation  S.^.h  into  equation  6.5.2.  There  results 


K.  ..X  Jmiiil  _L  Cl _ 

®  IviTuT*  frfX-(r)^ 


6.5.5 


The  expressions  for  the  strains  are 


6.5.6 


The  differential  equation  for  the  meridi&nal  displacements 


becomes  (see  equation  6.ii.l9) 


<lUr 


.  illo  _ 1 


dr  r[i+(r)^]  Eh  [i+u)»] 

+  c,J. 

0 

The  solution  for  Up  is 

U?  (.)  =  ^  C,  [r-'^ 

_  {^■^v)r  /14  Vi4(r)Ml  CzY  ] 

VT+TTj^  '  ^  Ij  Vn-(r)* 


V) 


6.5.7 


6.5.8 


In  order  to  obtain  the  normal  displacement  we  again  make 
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use  of  equation  6.1j.l8.  There  results 


W  ' 


ir)- 


6.5.9 


t  /  J  \fu^  } 

For  this  case  wherein  the  load  is  a  uniform  pressure,  the 


non-dimensional  force-resultants  are  defined  as 


N 


Nr 


^  2f<lo 


6.5.10 


M*- 

Ne  2f 


^0 


6.5.11 


and  the  non-dimensional  displacements  are  defined  as 


*  Ehu? 


★ 

w  = 


Ehw 


6.5.13 
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6.5.1  Case  1  BOTH  ETOES  RESTRAINED  IN  THE  TANGENTIAL  DIRECTIONS 


The  constants  for  the  case  of  a  shell  which  is  restrained 


at  both  edges  (see  section  6.I4.I)  are  as  follows: 


_  D{r,)  bih)  -  D(»2)  Blifi) 

A(Jr,)  Bdz)  -  ACira)  B  ( jr,)  ’ 


6.5. 1.1 


where 


.  A(h)  D(ra)  -  A(  ra)  Dfri) 
■  A(Ji)  bih)  -  Ada)  BU,) 


6.5.1. 2 


h  VTTT7[T»  ^"  \  n  /» 


6.5. 1.3 


6.5.1. 


6.5. 1.5 


and  are  the  boundaries  which  are  restrained.  Again  the  determinant 

^  t 

A-  A(r,)B(JfJ-  A(jfJ  B(rj  6.5.1.6 

does  not  vanish  for  all  positive  ^  )  • 
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Six  different  sizes  of  shells  have  been  analyzed  in  this 
section.  It  is  interesting  to  note  that  the  largest  dlsplaceiBent  occurs 
at  the  outer  boundary.  Again,  the  explanation  lies  in  the  restricted 
type  of  boundary  condition  vhich  acconopanies  membrane  behavior  (see 
Section  6.4.1  and  Figure  6.4.1).  The  outer  portion  of  the  shell,  in 
order  to  preserve  at  the  boundary,  must  open  up  somewhat  like  a 

flower  in  order  to  accomnodate  the  strains  developed  by  the  loads.  It  is 
this  "opening-up"  idilch  induces  the  larger  W  displacement. 

The  six  cases  are  suamarlzed  in  the  following  table: 

Table  6.^.1.! 


Case 

Restrained  at 

Restrained  1 

6.5.I.I 

.0446 

.6250 

6.5.I.2 

.0104 

.305'^ 

6. 5. 1.5 

.3^4 

.6249 

6.5.1. 4 

.0104 

.3034 

6.5.I.5 

.0446 

.0035 

6«5 .1.6 

.0446 

1.0267 
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3656 
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0.7 


74 


76 
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6.5.2  ONE  EDGE  FREE  AND  ONE  EDGE  RESTRAINED  IN  THE  TANGENTIAL  DIRECTION 


We  will  specify  the  free  edge  to  be  ,  and  Iz.  to  be  the 
restrained  edge  (see  section  6.U.2).  Then  the  constants  are  as  follows: 


6.5. 2.1 


Cl 


6.5. 2. 2 


Twenty-three  different  size  shells  have  been  analyzed  in 
this  section.  A  sa»ll  hole,  while  affecting  the  distribution  of  and 

Ng  i  does  not  significantly  affect  the  displacement  (conipare  ceises 
6. 4. 1.1  and  6.^.2.^).  The  discussion  of  W  in  the  previous  section  also 
applies  for  the  cases  in  this  section  where  the  free  boundary  is  the  inner 
radius.  For  the  cases  where  the  shell  is  supported  at  the  inner  radius 
and  is  free  at  the  outer  boundary  (see  e.g.,  case  6. ^.2. 12),  the 
displacenents  are  larger  at  the  support.  Again,  this  is  somewhat  contrary 
to  one's  intuition.  Hie  eiqplanation  is  similar  to  that  advanced  in  the 
previous  sections;  the  LenTger  strains  (pnerated  at -the  supported  boundary 
can  be  accommodated  with  the  restriction  of  ■  0  only  by  large  vtQ.ue8 
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of  the  normal  displacement.  Note  also  (see  case  6.4.2.12)  that  the 
teuigentieO.  displacement  becomes  appreciable  If  the  free  boundary  is  the 
outer  r8d.lus  of  the  shell. 

A  list  sunnarlzlng  the  cases  vhlch  have  been  studied  Is 
contained  In  Table  6.3  .2.1. 

Table  6. 5. 2.1 


Case 

Free  at 

Restrained 

6.5. 2.1 

.0223 

.6249 

6. 5. 2. 2 

.0892 

.6250 

6.5.2. 3 

.1339 

.6250 

6. 5. 2. 4 

.1785 

.6250 

6. 5. 2.5 

.0446 

.6250 

6.5. 2. 6 

.0104 

.3854 

6.5.2.? 

.6250 

.3^4 

6. 5. 2. 8 

.1785 

.8035 

6. 5. 2. 9 

.4017 

.8035 

6.5.2.10 

.1785 

1.0267 

6.5.2.11 

.4017 

1.0267 

6.5.2.12 

.8020 

.2085 

6.5.2.13 

.8020 

.3854 

6.5.2.14 

.8020 

.4687 

6.5.2.15 

.9990 

.3854 

6.5.2.16 

1.0000 

.14687 

6.5.2.17 

.0104 

.1041 

6.5.2.18 

.6250 

.2083 

6.5.2.19 

.0104 

.2083 

6.5.2.20 

.0104 

.4687 

6.5.2.21 

.0104 

.8020 

6.5.2.22 

.0104 

.9990 

6.5.2.23 

.6250 

.0520 
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6.5.3  SHELl  CLOSED  AT  THE  APEX 


If  the  shell  is  closed  at  the  apex,  i.e.,  the  shell 
•'begins''  at  Jr»  0  ,  then  in  order  for  the  force  resultants  to  remain 
finite  at  f-0  (see  equation  6.$.U)  ,  we  must  have 


Ihen,  if  the  edge,  ,  is  restrained  against  tangential 
displacement,  the  constant  Cg  is  given  by  the  expression 


{Jfj»  +  2(j/+l)].  6.5.3.2 

Six  different  sizes  of  shells  have  been  analyzed.  It  is 
interesting  to  note  that  the  presence  of  a  moderate  size  hole  at  the 
apex  of  a  shell  has  very  little  influence  on  the  noxnal  displacements 
even  though  the  distributions  of  the  force  resultants  are  appreciably 
different  (compare,  e.g.,  cases  6. ^.1.1,  6. 1^.2.^, 

A  list  of  the  cases  which  have  been  analyzed  is  contained 
in  Table  6.^.3.! 
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Table  6.5.3.I 


Case 

Restrained  at  2^. 

6.5. 3.1 

.6250 

6.5. 3.2 

.3854 

6.5. 3.3 

•5357 

6.5. 3.4 

.2678 

6.5. 3.5 

.8035 

6. 5. 3. 6 

1.0267 
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6.6  THE  ASnMETRIC  MEMBRANE  BEHAVIORt  QRAVITr  L0AI]6 


We  now  turn  to  the  more  difficult  task  of  calculating  the 
behavior  of  the  paraboloidal  shell  of  revolution  under  its  own  dead 
weight  in  the  more  general  case  when  the  axis  of  the  paraboloid  does  not 
coincide  with  the  axis  of  gravity  (see  figure  6.U.1).  This  means  we  must 
deal  with  the  full  set  of  menbrane  equations,  6.1.1  throTigh  6.1.9,  in 
which  the  loads  are  prescribed  by  equations  6.3.5,  6.3.6,  and  6.3.7* 

As  a  result  of  the  closed  character  of  the  shell  in  the 
circumferential  direction,  the  surface  loading  as  well  as  the  edge  load» 
ing  must  be  periodic  functions  of  the  angle  0  with  a  period  of  2  ir 
(see  equations  6.3.5*  6.3.6,  and  6.3.7).  Therefore  we  have  as  eigen¬ 
functions  the  set  of  trigonometric  functions  cos  n  0  and  sin  n0  for  n-0, 

1,  2,  ~ — .  It  Is  well  known,  in  the  elementary  theory  of  Fourier  Series, 

that  this  set  of  eigenfunctions  is  coiqplete.  As  Np  ,  Ng, 

20  21 

svifficlently  smooth,  the  usual  expansion  theorem  applies.  *  Thus  we 
can  write 
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Nr  ( J*  0)  *  a©  (y)+2  Fdnly)  sin  ne  +  cos  n «],  g 

n*i  >■  *  * 


Ngfy^e)  *bo{ir)+E^  [bn(>)  Sin  nO  +  en  (>)  cos  n  e],  ^  ^  g 

Nr©(«»®)-^o^^)+2^  sinn®+Cn(y)  cosne].  ^ 

Substitution  of  these  eitpressions  into  equations  6,1. h  through  6.1.6  and 
with  the  loads  given  by  equations  6.3.5»  6.3.6,  6.3.7  yields  the  follow¬ 
ing  equations  (primes  indicate  differentiation  with  respect  to  JT  ) : 

+qo-bo*  2f/»oh  cos  f  ,  6.6^1^ 

TT^  +  bo  -  ZW  cos  ^  ,  6  6.5 

yf'o  +Zfo  *  0,  6^6  6 
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ira '  +  -  C,  Vi+(y)^  -  •  Zf/>oh  *in y{  J }  , 


6.6.7 


yd,+  d,  +  Vi  +  0)2  -fi  -  e,  »  0, 


6.6.8 


-e,  Vi+(y)2  =0, 


6.6.9 


yc/+ 2c,  +  b,  Vi+(T)*  »-2fy9ob  sin  iJr  I  y  Vi+(y)* I , 


6.6.10 


TTfjyr  +  ^  •  2f^ob  {y}, 


6.6.11 


+  e, 


0, 


6.6.12 


jra^  ^  On  -  n  C n  Vi  +  (l)*  " 


6.6.13 
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rdn'+ dn  + n  Vi+Tn*  f,^-en=0, 


6. 6. lit 


+  2fn-nen  VT+TTP  *0, 


yCn'-H  ZCf^  +  nb^  Vl  +  (  Jf)^  »  0, 


i+(ir)- 


+  bn  •  0, 


and 


where  n*2,3,i4, 


i+(n^ 


0  . 


With  the  usual  boundary  conditions  imposed  upon 


resultants,  we  show  next  that  equations  6,6.1,  6.6.2,  and  6.6. 


reduce  to 


6.6.15 

6.6.16 

6.6.17 

6.6.18 

the  stress 

i  must 


Np  fJ,  0)  =  ao{y)  +  a,  (i)  Sin  e, 


6.6.19 


N#(r,0)-bo(y)+  b,  fjf)sin  e, 


6.6.20 


Nr«  (ft^)  *  Cl  (y)  COS  e. 


6.6.21 


For  a  shell  with  a  free  edge  at  ,  the  homogeneous 


differential  equation  6.6.6  for  f-  implies 


6.6.22 


fofO 


6.6.23 


where  A  is  a  constant  of  Integration.  But  the  free  edge  condition 


(see  equation  6.2.6)  requires  the  shear  resultant  to  be  zero  at  Tf  . 


We  must  have  (see  equation  6.6.3) 


A-0, 


6.6. 2li 
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Therefore,  it  follows  that 


fo  (r)  S  0. 

Next,  equations  6.6.8,  6.6.9,  and  6.6.12  can  be  uncoupled 
following  relations: 


fift) 


-1 

Vi+UP 


1 

l+(ir)2 


e,  (t) 


-j?  ■ 


+  (t"  i  +  (r)»)  <^1  •*■  (  U)*  [l+tr)*]*) 


Let  tiie  most  general  solution  of  the  homogeneous  equation 


<li(»  •  JihtfO+SzlijO-) 

where  g^  and  g2  are  non-zero  real  constants  and  h^(y)  and 
linearly  Independent  solutloas  of  equation  6.6.26. 

From  equation  6.6.26 


Il6 


6.6.25 
to  yield  the 

,  6.6.26 

6.6.27 

6.6.28 
6.6.28  be 

6.6.29 
i^iy)  are 


-1 


M.[»h^(r)+(i^^)h,w]}. 


6.6.30 


From  the  boTindary  conditions,  equations  6.2.5  and  6.2.6,  we  require 


9ih,  +  (»;)  »  0  6.6.31 

and 

6.6.32 

These  latter  two  equations  which  are  simultaneous  homogeneous  equations 
for  the  constants  and  g^  possess  non-trivial  solutions  only  if  the 
determinant  of  the  coefficients  of  and  g^  vanishes. 

If  the  determinant  of  the  coefficients  of  g^^  and  g^  does 
vanish,  we  have  h,  (<,)[?, 

(Ki) +  +  )  hiiy-i)!  *0 

*■  '  '  -*  6.6.33 
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or 


hi  (ir,)h^(y,)-h2.(irjh{  (r,)  =o.  6.6.3I; 

The  left  hand  aide  of  6.6.3li  is  the  Wronskian  of  the  functions  h,  (l^)  and 

h2  (  y)  .  The  vanishing  of  the  Wronskian  at  JT®  implies  the  linear 

dependence  of  hi(f)  and  h2 (y)  for  all  positivs  y  and  we  have  reached  a 
T  ft 

contradiction. 

Thus  we  can  only  have 

Si»92  =  0  6.6.35 

or 

dt(y)  =0.  6.6.36 

Consequently  (cf.  equation  6.6.26  and  6.6.27) 

fi  (y)  =  0,  6.6.37 

e^ljr)  =  0.  6.6.38 

By  repetitions  of  the  above  argument,  we  can  also  show 
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that 


0  I 

6.6.39 

3 

•< 

III 

O 

6. 6. 1(0 

and 

en  (t)  *  0 

6. 6. 1(1 

for  all  n  and 

o 

3 

III 

o 

6.6.1(2 

bn  (y)  =  0, 

6. 6. 1(3 

and 

o 

3 

III 

O 

6.6.I1I4 

for  n  i  i. 

In 

short  we  have  the  very  desirable  results 

that 

Nr(<^,»)=  ao(lf)  +  a,(if)sin  0, 

6.6.U5 

NeU,0)  =  bo(ir)4-b,  U)  sin0. 

6.6.146 

and 

Nre  =  (t)  cos  9  . 

6. 6. 1(7 

If  the  shell  is  closed  at  the  apex,  the  usual  condition 
imposed  upon  the  stress  resultants  is  that  they  be  finite. The 
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application  of  this  condition  to  equation  6.6.23  results  in 

^(r)sO.  6.6.1j8 

Next  ve  observe  that  equation  6.6.28  has  a  regular  singularity  at  0 
Therefore,  in  the  neighborhood  of  the  apex,  the  most  general  solution  of 
6.6.28  takes  the  form  * 

d,aj“Ct2  Snir"*'"’-!-  Ca/inlJfjS 

••0  I  n>o 

in  JT"""*}  6.6.1,9 

nso  J 

where  and  Cg  are  constants  of  integration  to  be  determined  by  the 

known  side  constraints, s  and  t  are  constants  fixed  by  the  relevant 

n  n 

recnirrence  relations,  and  mg  (01,2  nrij^)  are  roots  of  the  indicial 
eqiiatlon 


m^  +  4m  4-  3  »  0, 

6.6.50 

or 

1 

II 

E 

6.6.51 

and 

s  -3  . 

6.6.52 

To  ensure 

finiteness  at  the  apex,  we  must  have 

Cl  =  C  2  -0 

6.6.53 
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that 


dft  (r)  H  0, 

6.6.39 

3 

•< 

III 

o 

6.6.h0 

and 

en  (y)  *  0 

6. 6. Ill 

for  all  n  and 

o 

3 

III 

o 

6.6.ii2 

b„  (y)  =  0, 

6.6.1i3 

and 

(y)  H  0 

6.6M 

for  n  i  ;l. 

In 

short  we  have  the  very  desirable  results 

that 

Nr{y,®)  =  ao(jr)  +  a,(^)  sin  0, 

6.6.[i9 

sin  9, 

6.6. )46 

and 

Nre  =  c,  (j)  cos  9  . 

6.6.h7 

If  the  shell  Is  closed  at  the  apex,  the  usual  condition 
imposed  upon  the  stress  resultants  is  that  they  be  finite. The 
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and  consequently 


d^i  ( Jr )  *  0 » 

6.6.5b 

e,  (1)  *  0, 

6.6.55 

and 

U)  =  0. 

6.6.56 

Repetitions  of  the  above  argument  will  lead  to  the  con¬ 
clusion  that  Of,  (r) ,  bp  (}t)i  CnU))d|,(jr),  epOr)  ,andf^(Y)  must  also  vanl^ 
Identically  for  n  a  jL .  We  have  again  arrived  at  the  very  desirable 
results  that 


Nr  Qo  <>1  (^)  sift  6.6.57 

No  bo()r)+ b,  (Jr)  sin  0,  6.6.58 

and 

Nro  f3r,e)  =  c,  (y)cos  e.  6.6.59 

Thus  the  problem  of  the  mendbrane  stress  resultants  Is 
reduced  to  the  ascertainment  of  solutions  to  the  system  of  differential 
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equations  (6.6.^),  (6.6.5),  (6.6.7),  (6,6.10)  and  (6.6.11).  Equations 


6.6.U  and  6.6.5  completely  determine  (y)  and  bo  (f)  u^  to  a  constant  of 
integration.  It  should  be  observed  that  these  are  the  portions  of  the 
Nr  and  Nj  induced  by  the  axi-symmBtric  conqponent  of  the  load.  This 
axi-gynunetric  portion  has  the  same  dependence  on  ^  except  for  a  factor 
cos  ^  as  was  found  earlier  for  the  completely  axi-syminetric  behavior 
(cf.  equations  6.ii.lii  and  6.1i.l5). 

Thus 


2f/c>ohcoSf  Vi+TTP  fr  .  213/2 

3  1  6.6.60 

and 

b„tn  »  «a  f  {t  -  [h»)’]’'4+C,]]  6.6.61 

idiere  is  a  constant  of  integration  to  be  determined  by  the  side 
condition  of  the  shell. 

The  remaining  three  equations,  6.6.7,  6.6.10,  6.6.11,  can 
be  reduced  to  the  following  three  uncoupled  equations 
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.  ff  /S  2t  \  ,  3  AX  u  ■  - 

i+(ir)*  *  (y)^[i+(y)*]2  **1  “  “ sm  jr  |  ^  j, 


6.6.62 


/ 

+2^6^  SinV^jyj, 


6.6.63 


6.6.6U 


and  we  need  only  to  solve  the  differential  equation  6.6.62  to  conplete 


the  analysis  of  membrane  stresses. 


Observe  that  (6.6.62)  can  be  rewritten  as 


tr)* 


r)^  J  fi  a  ((»ia,  \i  , 


6.6.65 


37  -  ■  '•V  'f  |— 3 —  +  {.} 


6.6.66 
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VTflTyi 


sin  ifr 


6.6.67 


and 


Q^(jf)s-4.-f/*^h  sinjpr 


fc+viTuF  cjVrnTF  o+(if)^)M 

t  zr  |5(»)’ 


Where  and  are  constants  of  Integration. 

b^(f)  and  c-^it)  can  thea  be  computed  with  the  help  of  equations  (6.6.63) 


and  (6.6.6U)  to  be 


b,(Jr)  =  2Voh  Sin  f 


> 


+  £3U)L 

2  IS 


6.6.69 


C,(l)-4f/.,h  'inf  • 


6.6.70 


Finally,,  from  (6.6.19),  (6.6.20),  and  (6.6.21),  we  have 


■4f^oh  sinilf 


c^yiTcrF,  C4Vhu)2  ^  ]  ^in  d 

zy  (jf)3  i5ir)*  J  * 


6.6.71 
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Ne  (j^O)  ’  ZfyOjh  cos  J*'  I  1  ■  + 

+2Voh  *'»<'  {»+ [<=4*  -^+ 


6.6.72 


Nrs  (ir,«)*4f/.ohs;n  (’•♦'')")'  l^  *  (^} 


COS  9. 


6.6.73 


To  determine  the  displacements,  the  stress-strain  relations 


(cf.  eqfuations  6.1.7,  6.1.8,  6.1.9)  and  the  strain-displacement  relations 

(cf.  equations  6.1.1,  6.1.2,  6.1.3)  az*e  combined  to  yield  the  foUowring 

0  0 

set  of  partial  differential  equations  for  the  displacements  and 


W  s 


^  w 
dr 


— -  [Nr-yMg]^2fVHU)^ 

fch  ^  ■*  2  2' 


6.6.71* 


Vl+(r)2-  -^VV«  -  ■  ^  [ Nl Q - y Ny] « 2f />/<•»•( f) ^  ^e, 

6.6.75 
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uj  + 


[zli+WNrJ 


6.6.76 


If  the  shell  is  closed  at  the  apex  or  has  a  fvee  ed^,  the 
fons  of  the  solutions  for  the  stress-resultsnts  (cf.  equations  6.6.71, 
6.6.72,  6.6.73)  houndaiy  conditions  on  Up  *nd  U®  (cf.  evaations 
6.2.7  and  6.2.6)  suggest  that  the  solutions  for  the  displacements  should 
take  on  the  fozms. 


tip  (r,9)*mo(|)f  (/)  sin  0, 

6.6.77 

uj  n,  (y)  COS  0, 

6.6.78 

Po(^)-^'P,  U)  sm  0. 

6.6.79 

The  proof  goes  throu^  as  that  for  the  stress  resultants,  (cf.  pp  35-37) 

The  hic^r  haioonic  texms  vhich  were  omitted  from  equations 
(6.6.77),  (6.6.78)  and  (6.6.79)  correspond  to  displacements  without 
straining  the  middle  surface  of  the  shell  and  cure  often  referred  to  as 
the  inextensionsU.  def oznations .  Thus  we  may  conclude  that  shells  with 
the  given  displacement  cozadltions  exhibit  no  InextensioncU.  defoznations 
(cf.  page  7). 

Equations  (6.6.77)  throu^^  (6.6.79)  hold  also  for  the  case 
where  the  shell  is  fixed  tangentially  at  both  edges.  Here  the  Inextenslonal 
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dsfDznatioas  must  be  of  thm  fozn 


I  sir)  n©  T 

^  (  T|  3ln  n©  T 

'  tc,f,  (/,n) +01-^2  (fr))<- 03^3(^11  )-*-c^f4(*;n)j!co5  nej 

( cos  n©  ) 

L’*'"  "•  J 

/  )  (  cos  no  ) 

*  |c,  g,()(,n) +  C,.  C5  [sin  riej^ 

Hie  coKurtaots  of  izxtegratloa  »  ^2  » ^3  ^4  ^  deteznined  by 

the  dlsplBcesMstt  boundary  condltioiis  (6.2.1)  throu^  (6.2.4).  !lhu8,  ve  have 


C ,  f,  ( If„  h)  ^  C  ( I,,  h)  ^  03/3  ( /„  n )  +  C4 f4  (jr„ n )  *  0 , 
c ,  f  1  ( y^,  n )  1-  C2  C  ,  n )  ^  c  3  {3  ( 4,  n )  +  f  4  ( /r^ ,  n)  *  0, 
Cfgf(/f,n)+C2  52(Jon)i-C3  05(y,,n)+  c^g4(y,,n)*  o, 
C)  5,(^2,  rj)tC3g3(/2, r7)*-C494^yx.n)  -  0. 


since  |11^(V )  and  fin  (  (  )  are  linearly  Ixidependent,  the  set  of  linear  algebraic 
equatlcas  for  and  Q(.adinlt8  no  non-trlvlal  solutlrais. 

Substitution  of  the  eiqpressloQB  (6.6.77)  throuc^  (6.6.79)  Into 

the  system  of  partial  differential  equations  6.6.74,  6.6.73  nnd  6.6.76 

yields  the  following  set  of  five  ordinary  differential  equations  for 
the  five  unknown  functions  n^,  and  p^  (primes  indicate 
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differentiation  with  respect  to  S'  ) : 


mo 


6.6.80 


m 


0-ypo  »  2f  jrVi  +  m*  e^e* 


6.6.81 


2^Vi+U)^  €^'\ 


6.6.82 


-^TThTF  Hi-f  -  yp^=  £-f  y  Vi+(>)*  6^0  \ 


6.6.83 


rn;-n,+ViT(>F  tn, -4frVtTim  e/y  6.6.bi. 

«hei*e  for  convenience  we  have  separated  the  middle  surface  strains  into 
components,  defined  as  follows: 


sin  0, 


6.6.85 
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^9  (l^)*^9  (/)  +  ^0 * (#)  sin  e. 


6.6.86 


cos  e. 


6.6.87 


It  was  noted,  in  a  previous  paragrs^h  in  this  section,  that  the  solutions 

for  the  force-resultants  N,.  and  Nf  contained  an  axi-^^nnietric  pojrtion 

identical  in  form  (except  for  a  Multiplicative  factor  ofcos#r)  to  the 

solutions  determined  in  section  6.U.  Thus  the  results  of  section  6.1i, 

can  be  used  to  determine  the  solutions  form^dr)  andp^tr^  ,the  axi- 

0 

ssnanetric  portions  of  the  solutions  for  the  di^acements  Up  and  w  . 
There  results  (coopare  equations  6.1(.20,  6.I4.I8  with  equations  6.6.81 
and  6.6.82} : 

6.6.88 
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+  (n<»^)  [2  (z/  ))+  ^  <-  2/(W»j4C,[.(H2)l»(±!l^^nE.] 

+  Vi+U)^  (l  +  ^)l+C2| 

J  6.6.89 

where  is  the  constant  of  integration  arisen  from  the  integration  of 
force  equilibri\im  equation  and  C2  is  an  additional  constant  from  the 
integration  of  equation  6.6.80. 

The  three  remaining  eqiiations,  6.6.82,  6.6.83*  6.6.81i* 
which  deteimine  the  asymmetric  conqxjnent  of  the  displacements  can  be 
rearranged  to  yield 


(i;!) 

lijr 

\  j  1 

y  L 

V 

-K'] 


6.6.90 


r'J'f  _  y  »t 


6.6.91 


6.6.92 
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We  can  obtain  ths  solution  for  by  a  simple,  though 


tedious,  double  quadrature 

-  ep’jajjdif 

Cs(J)*  1 


6.6. 9U 


where 


6.6.95 
i,. 


(0‘ h  VTTiTP]  -  , 


(ir)^  I40+Z9W<j|a  (Ijiil 

^3^^^  ~  JbO  2.40  \®  '  J0(ir)4 


6.6.96 


(±jOJJLll  + 

iiO 


3  ’ 


6.6.97 


and  are  constants  of  integration. 
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By  equations  6.6.91  and  6.6.83,  we  have  also 
m,(»l  -  {c,f4U).C4f5  1,1-  V  (»)} 


6.6.98 


and 

C^f.u)+  ej+9(t)  i-Cj.f,o  (r)+-i„  U)J 

6.6.99 


where 


^4 


(jr)  * 


iii£L 


6.6.100 


,  U) 
ViTTT)^ 


u)^  w  /  2Vi+(r)2- 


6.6.101 


^6  * 


f3«J 

Vi+(jj^ 


y 

VTmiP 


30 


I5U)J 


(IfW 

3^3 


2  (i-^»^)[i-4()r)^][n-U)^]V^ 

i?(y)" 


(40^-  29  v  ) 
60 


6.6.102 


l7U)  =  |[+4(y)-  /iTu)2fi(y; 


Q+W 

Z 


V  jy)^  1 

2  J  » 


6.6.103 


152 


6.6.10li 


+8^)  "  y  [fsU)  -  Vi  +  (0^  f2(r)  -yji  lit-i^)-  v], 


fgU) 


.  -id) 
VTTTT)^ 


[  2>u)^]  1 


6.6.105 


-  If 

VirU)  = 


6.6.106 


fti  U)  = 


yk(j)-  ViTm^ 


U)*- 


1  2.  15 


6.6.107 


Several  different  combinations  of  boundary  conditions  are 
considered  and  numerical  calculations  have  heen  made.  It  is  evident 
that  a  ccmiplete  description  of  the  deformed  shell  for  each  orientation 
(i.e.,  each  veO-ue  of  )  would  reqviire  an  Inordinate  number  of  curves 
and  tables.  In  lieu  of  presenting  such  a  mass  of  numerical  data  only 
the  anti -symmetric  part  of  the  solution  has  been  presented  {  ~  ~  ). 

The  behavior  of  the  shell  for  other  values  of  V  ceua  be  obtained  by 
appropriate  combinations  of  the  results  for  V  =  0  and  ^  \  •  The 

solutions  for  the  force  resultants  and  displacements  can  be  cast  into  the 
forms  (see  equations  6.6.19,  6.6.20,  6.6.21,  6.6.77.  6.6.78,  6.6.79, 
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6.6.69,  6.6.70,  6.6.71,  6.6.72,  6.6.75,  6.6.9*^,  6.6.98,  and  6.6.99), 


n;- 

Nr 

a*  CC6f  +  CL’^  Sine  -smV 

iV  * 

6.6.108 

n:= 

2T^  " 

b*  cosy  +  b*  5in0  siny 

6.6.109 

N  *  ’ 

'  ^  re 

=  C,’*  C.05  0  5inf 

6.6.110 

n  _ 

Up 

Eci” 

3^  3^  .  < 

='  C05¥'4-m,  ■sin&sm  V' 

6.6.111 

II 

c-  ^  O 

-  nf  ^05  <e  5in 

6.6.112 

* 

Ew 

aC2. 

=  p*  cos  f  f  Sin  e  5in  V 

6.6.115 

fo 

The  (L*  j  lo *  ,  j  f , 
symmetric  parts  of  the  solution. 


m  ■  £>.  are  the  non-dimensionalized 


_ 

0  ~ 

2  f  po  h  cos  y 

6.6.114 

*  ^ 

6.6.115 

'o 

2fpob  cos  V 

>r 

E 

6.6.116 

0 

4-f^p^  cos  r 

*r 

0 

- E-gc - 

6.6.117 

These  have  already  been  plotted  in  the  previous  sections 
of  this  chapters  for  the  case  of  y  .0.  The  other  starred  quantities 
are  the  asymmetric  part  of  the  solution  and  are  defined  as  follows  : 


- 

1  y 


6.6.118 


15^ 


_  E  b.  _ 

6.6.119 

t>1 

2fpc^  3"^ 

cr= 

6.6.120 

C03  ’i’ 

★ 

= 

E  mi 

6.6.121 

310  V 

E.  Oi 

6.6.122 

6.6.125 

4f  5/ir»  f 

The  results  which  are  presented  in  the  following  sections 
are  the  above  six  functions  for  the  case  of  V  "  •  Thus ,  the  results 

represent  the  completely  anti -symmetric  behavior  Ng,  \JLq  , 

*  It  I  ir  * 

and  W  .  Additionally,  it  is  seen  that  ,  b,  ,  and  represent 

the  stress  resultants  and  displacements  along  the  bottom  vertical  radius 

Jf  ^  M  ^  ^ 

(  0  =  )  whereas  and  represent  i'* ^0  *^6  the  horizontal 

radius  (0'»O).  The  values  at  other  angular  positions  (i.e.,  other  values 

of  9)  can  be  obtained  by  multiplying  the  given  values  by  S/H©  or  C03  9 , 

whichever  is  appropriate. 

6.6.1  BOTH  EDGES  RESTRAINED  IN  IHE  TANGENTIAL  DIRECTIONS 


The  condition  of  vanishing  tangential  displacements  at  the 


edges  requires  that 


(^i) 


Cjt,  (f,)->-C4+2(«()-»-C5-^  +Ce  =  -fj  (i\)  , 


6. 6. 1.1 
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Cjf,  (rO  +  c^-fi (ti)  ^  ^  c 4  «  -  fj  (’r^) 

7* 


6.6. 1.2 


t  M  =  -4jt)  g, 

1  V7T7?;i* 

CsiM*  *  -jd^.  .  6  5  ,  J, 

2'fRi^  '/uTfiF  6.6.1.4 


All  (f)  have  been  defined  previously.  The  system  of  equatlrais 

(6. 6.1.1)  through  (6.6.1. 4)  can  be  solved  simultaneously  for  Cy  C]^ 

C  and  C^. 

5  ° 

Six  different  cases  have  been  analyzed  and  the  results  are 

presented  In  curve  foxn  as  sell  as  in  tabular  fom.  It  should  be  observed 

that  tangential  displacements,  as  represented  by  IT) ^ and  ,  became  of 

the  same  order  of  magnitude  as  the  nomal  dlsplacestent  (represented  by 

)  over  a  portion  of  the  shell.  This  is  in  contrast  to  the  synmetrlc 

behavior  in  which  the  tangential  displacement  is  generally  an  order  of 

magnitude  smaller  than  the  nozual  displacement  (see  section  6.4).  Also, 

the  largest  value  of  (which  is  W  ^^^at  0  ~  ^  and  Y  *  ?  )ia  Isnrger  than 

W  for  the  symnetric  case  (compare  case  6. 6. 1.2  with  6. 4. 1.2  and  case 

6. 6. 1.4  with  6. 4. 1.4).  ibis  is  a  bit  surprising  until  it  is  remembered 

> 

that  the  value  of  W  at  the  boundaries  is  determined  primarily  by  the 
need  to  aecoamodate  the  membrane  boundary  conditions  (see  discussions  in 
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seetioiis  6.k,l,  6.4.2j  and  6.4.3)> 

TiM  list  of  eonflgurattlons  havo  boon  azuQjTMd  art 

prasaaotad  In  Tibia  6.6.1. 

Tibia  6.6.1 

Caaa  Reatrainad  at  Raatrainad  at 


6.6.1.1 

.0417 

.6250 

6.6.1.2 

.0104 

.6230 

6.6.1.3 

.0104 

.305*^ 

6.6.1. 4 

.3051^ 

.6230 

6.6. 1.3 

.04l6 

.7990 

6. 6. 1.6 

.04l6 

1.0243 
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139 


1^42 


6.6.2 


We  ebell  epecliy  Uie  free  ed^e  to  l9e  h  and  the  restreined 


to  he  .  The  eonetante  of  integration  are 


6.6.2.1 


6.6.2.2 


^  ♦  C4  t-  M  j 

w  L  /  ,  , _  ,  ,7  6.6.2.3 

C4  ■  “  I  ^5  (ti)  *  (^il)  +  C3  (J'jj  6.6.2. U 

The  seven  configurations  vhlch  have  been  analyzed  in  this 
section  are  sunaarized  in  Table  6. 6. 2.1.  The  sane  discussion  made  in 
section  6.6.1  applies  and  no  additional  connents  are  required. 


Table  6.6. 2.1 


Case 

Free  at 

Restrained  at 

6.6.2.1 

.0104 

.3354 

6.6.2.2 

.0104 

.6250 

6.6.2. 3 

.0416 

.6290 

6. 6. 2. 4 

.6250 

.3854 

6.6.2.5 

.0104 

.9982 

6. 6. 2. 6 

.1770 

1.0243 

6.6. 2. 7 

.4010 

1.0243 

e 
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0.0915  -0.910 

0.000  -0.972 
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ro 


6.6.3  THE  SHELL  IS  CLOSED  AT  THE  APEX 


1!he  condition  of  finite  stress  resiiltants  at  the  apex 


reqvdres  that 


and 


^  15 


6.6. 3.1 


6. 6. 3.2 


and  Cg  can  agh1n  be  obtained  from  equations  (6.6. 2. 3)  and  (6. 6. 2. 4). 

The  six  configurations  which  have  been  analyzed  in  this 
section  are  summarized  in  Table  6.6. 3.1,  and  the  discussion  of  section 
6.6.1  is  applicable.  No  additional  comments  appear  to  be  needed. 


Table  6. 6. 3.1 

Case  Restrained  at 


6.6. 3.1 

.2673 

6. 6. 3.2 

.585^^ 

6.6.3.3 

.5581 

6.6.3.^ 

.6250 

6. 6. 3.5 

.8038 

6. 6. 3. 6 

1.02h3 

\ 
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0.1902  0.0353  0.0365  -0.265 
0.2159  0.0248  0.0258  -0.299 
0.2416  0.01X  0.0136  -0.333 
0.2673  0.000  0.000  -0.366 
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